On transport in quantum Hall systems with constrictions by Lal, Siddhartha
ar
X
iv
:c
on
d-
m
at
/0
61
12
18
v1
  [
co
nd
-m
at.
me
s-h
all
]  
8 N
ov
 20
06
On transport in quantum Hall systems with constrictions
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Motivated by recent experimental findings, we study transport in a simple phenomenological
model of a quantum Hall edge system with a gate-voltage controlled constriction lowering the local
filling factor. The current backscattered from the constriction is seen to arise from the matching
of the properties of the edge-current excitations in the constriction (ν2) and bulk (ν1) regions. We
develop a hydrodynamic theory for bosonic edge modes inspired by this model, finding that a com-
petition between two tunneling process, related by a quasiparticle-quasihole symmetry, determines
the fate of the low-bias transmission conductance. In this way, we find satisfactory explanations for
many recent puzzling experimental results.
PACS numbers: 73.43.Jn, 71.10.Pm, 73.23.-b
The quantum Hall effects are essentially the low tem-
perature physics of a disordered 2DEG placed in a strong
perpendicular magnetic field [1]. For particular values
of the external magnetic field, the incompressible Hall
fluid in the bulk and gapless current carrying edge ex-
citations lead to a vanishing longitudinal resistance and
a quantised Hall resistance. Electronic correlations are
crucial for the fractional quantum Hall effect, a gapped
ground state with fractionally charged quasiparticle ex-
citations [2] which were observed in shot-noise measure-
ments [3]. Local quasiparticle tunneling between the op-
positely directed current carrying edge states of a Hall
bar is known theoretically to be a singular perturbation,
with the strong-coupling behaviour that of two effectively
disconnected quantum Hall bubbles [4]. Recent experi-
ments studying transport through gated constrictions in
quantum Hall systems at integer as well as fractional fill-
ing factors [5, 6] have, however, shown the need for a
deeper understanding of inter-edge tunneling.
A signature of departure from the traditional quan-
tum Hall scenario can be observed in these experiments
from the following. While imposing a finite bias at a pair
of local split-gates (VG) causes a backscattered current
across the bulk (leading to a finite, edge-bias (V ) inde-
pendent, longitudinal resistance drop), a fractional Hall
conductance (g) is simultaneously measured across the
constriction at finite V corresponding to a filling factor,
ν2, lower than that in the bulk (ν1). Further, for large
VG, g is observed to dip sharply and vanish with a power-
law dependence on V as |V | → 0. A comparison with the
theory of Fendley etal. [7] for inter-edge Laughlin quasi-
particle tunneling suggests strongly that the constriction
transmission is governed by ν2. This is particularly un-
expected for an integer quantum Hall system [5].
A particularly intriguing observation is that of the evo-
lution of the transmission conductance g as VG is varied
in the limit of vanishing V . While g shows a zero-bias
minimum at sufficiently large VG, decreasing VG leads
first to a bias-independent transmission at a particular
value of the gate-voltage VG = V
∗
G and then to an en-
hanced zero-bias transmission for yet lower values of VG.
This behaviour of the zero-bias g is also observed across
a wide range of temperatures. The bias-independence of
g at a certain V ∗G and its enhancement at VG < V
∗
G are
quite unexpected from the conventional theoretical view-
point [4]. Qualitatively similar results were found for the
integer cases of ν1 = 1 [5] as well as for the fractional
cases of ν1 = 1/3, 2/5 and 3/7 [5, 6], allowing for the
possibility of a common explanation.
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FIG. 1: A schematic diagram of a QH bar at a bulk filling
fraction ν1 and with a gate-voltage (G) controlled split-gate
constriction which lowers the filling fraction in the constric-
tion region to ν2. S and D show the source and drain ends of
the Hall bar while 1 to 4 signify the current/voltage terminals.
The most probable effect of a split-gate system is to
create a smooth and long constriction potential, deplet-
ing the local electronic density (and hence lowering the
local filling factor) locally from its value in the bulk.
This led Roddaro and co-workers [5] to conjecture on
the likelihood of a small region in the neighbourhood of
the constriction with a reduced filling factor (ν2 < ν1)
being the cause of the puzzling results mentioned above
(see Fig.(1)). In what follows, we develop a simple phe-
nomenological model based on this conjecture and aim to
provide satisfactory explanations for the experimental re-
sults. In doing so, we devote our attention solely to short-
ranged electronic correlations which cause the formation
of chiral Tomonaga-Luttinger liquid (TLL) edge states
without the intervention of any stripe states [8] arising
from longer range interactions. Further, the model ne-
glects any line-junction non-chiral TLLs formed across
2the split-gates [9] and effects of inter-edge interactions
on quasiparticle tunneling [10], focusing instead on the
transmitted and reflected edge states arising from the
nature of the Hall fluid inside the constriction.
We begin by deriving some results for ballistic edge
transport through a constriction region with reduced fill-
ing fraction ν2 in a Hall bar geometry (see Fig.(1)) from
a few simple considerations. We make two reasonable as-
sumptions in framing the model. First, that the voltage
(Hall) bias between the two edges of the sample is not
affected by the local application of a gate-voltage at a
constriction as long as the bulk of the system is in an in-
compressible quantum Hall state (ν1). Second, that the
two-terminal conductance measured across the constric-
tion is determined by the lowered filling-fraction of the
quantum Hall ground state in the constriction (ν2).
Then, for a current I injected from the source, we
know that I = gbV42 where gb = ν1e
2/h is the bulk Hall
conductance and V42 is the source-drain edge-bias. The
second assumption gives the current transmitted ballis-
tically through the constriction as Itr = gcV42, where
gc = ν2e
2/h is the two-terminal conductance measured
across the constriction. From the first assumption, we
then obtain the transmitted current Itr as
Itr =
gc
gb
I =
ν2
ν1
I . (1)
From Kirchoff’s law for current conservation, we get the
current reflected at the constriction as Iref = I − Itr =
(1 − ν2/ν1)I. This, in turn, gives the minimum value of
the backscattering conductance as
gback = Iref/V42 = (1− ν2/ν1)Gb = (ν1 − ν2)
e2
h
. (2)
and is seen to be quantised at an effective filling factor for
the reflected current as νref = ν1− ν2 (in units of e
2/h).
Further, we find the “background”, edge-bias indepen-
dent, value of the longitudinal resistance drop across the
constriction to be
RBG =
V4 − V3
I
= (1 −
ν2
ν1
)g−1b . (3)
The current backscattered from the constriction is pre-
sumably carried in a gapless region lying in-between the
bulk and constriction regions. By relying on the same
assumptions, we now present a hydrodynamic model of
gapless, current carrying, chiral edge density-wave exci-
tations, similar in spirit to the classic work of Wen [11],
describing ballistic transport through the transmitting
and reflecting edges at the constriction (shown schemati-
cally in Fig.(2)). As the model is an effective field theory
quadratic in the bosonic fields describing the edge ex-
citations, inter-edge quasiparticle tunneling will be seen
to arise from the exponentiation of these fields. We will
focus here on presenting the results of the model and
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FIG. 2: A schematic diagram of the “constriction” system
given by the dashed box around the region x ∼ 0 and sym-
bolised by the filling fraction ν2 lower than that of the bulk,
ν1. The four chiral fields approaching and leaving this region
are shown by the arrows marked as 1, in, 1, out, 2, in and
2, out. The dashed horizontal and vertical lines at the junc-
tion represent the edge states which are transmitted (u, d)
and reflected (l, r) at the constriction respectively.
their immediate relevance to the experiments, keeping
the mathematical details for elsewhere [12].
The extent of the constriction region 2a is assumed to
lie in the range lB << 2a << L, where L is the total sys-
tem size and lB is the magnetic length, with the external
arms (1in, . . . , 2out) meeting the internal ones (u, . . . , l)
at the 4 corners of the constriction. In keeping with the
assumptions, the filling factor governing the properties
of the four outer arms is ν1 and those of the upper and
lower arms of the circuit at the constriction are governed
by ν2. The effective filling-factor governing the proper-
ties of the right and left arms of the circuit is treated as a
parameter νref whose value will be determined from the
analysis. Ballistic transport of current carrying edge exci-
tations in the various arms of the circuit shown in Fig.(2)
is given by a Hamiltonian H describing the energy cost
for edge-density distortions [11] H = Hext +Hint where
Hext =
piv
ν1
[
∫
−a
−L
dx (ρ21in+ρ
2
2out)+
∫ L
a
dx (ρ22in+ρ
2
1out)] (4)
and Hint has the same form as Hext but with the den-
sities (ρu, . . . , ρl) and filling factors ν2 and νref placed
appropriately. We have taken the velocity v of the edge-
excitations to be the same for all arms, focusing instead
on the effects of a changing filling factor. The densities ρ
are, as usual, represented in terms of bosonic fields φ de-
scribing the edge displacement, e.g, ρ1in = 1/2pi∂xφ
1in,
ρ2out = −1/2pi∂xφ
2out [11]. The commutation relations
satisfied by these fields are familiar, e.g.,
[φ1in(x), ∂xφ
1in(x′)] = ipiν1δ(x− x
′) (5)
and so on for the other fields. The equations of mo-
tion found from H describe the ballistic motion of chi-
ral edge-density waves, e.g, (∂t + v∂x)ρ
1in(x, t) = 0,
ρ1in(x, t) ≡ ρ1in(x − vt) etc. The H given above, how-
ever, needs to be supplemented with matching conditions
3at the four corners of the constriction in order to give a
complete description. From the form of H , it is clear
that we need two matching conditions at each corner; a
reasonable choice is one defined on the fields and one on
their derivatives. For the sake of brevity, we present here
only those at the top-left corner
φ1in(x = −a) = φu(x = −a) + φl(y = −a)
∂xφ
1in(x = −a) = ∂xφ
u(x = −a) + ∂yφ
l(y = −a)(6)
where x and y are the spatial coordinates describing the
(1in, u) and l arms respectively. The equation of continu-
ity leads to the familiar form for the current operator, e.g,
j1in = 1/2pi∂tφ
1in etc. Thus, by taking the time deriva-
tive throughout the first of the matching conditions (6),
we see that current conservation is guaranteed at every
corner. Further, from the two matching conditions, we
compute the commutation relation
[φl, ∂yφ
l]y→−a = ([φ
1in, ∂xφ
1in]− [φu, ∂xφ
u])x→−a (7)
which immediately leads to the effective filling factor for
the reflected current arms, derived earlier from simpler
considerations, as νref = ν1 − ν2. Another check in-
volves computing the chiral conductances g1in,1out and
g1in,2out (where the first and second indices give the in-
coming and outgoing current carrying arms respectively)
in the presence of a small, finite source-drain bias. Em-
ploying the standard Kubo formulation relating conduc-
tance to a current-current correlator [13], we reproduce
the results g1in,1out = ν2 and g1in,2out = ν1− ν2 (in units
of e2/h).
We now account for the role of quasiparticle tunneling
in determining low-energy transport. First, it is clear
that local quasiparticle (qp) tunneling processes between
the (u, d) arms will be dictated by the constriction filling
factor ν2. We can write such a tunneling term, located
deep inside the constriction at x = 0, as λ1 cos(φ
u(x =
0)− φd(x = 0)). From the work of Kane and Fisher [4],
we know that the RG equation for the qp tunnel coupling
λ1 is given by dλ1/dl = (1− ν2)λ1 . With ν2 < 1, λ1 will
grow under the RG flow to strong coupling.
There is, however, also a tunneling process between the
(l, r) arms to consider. It is revealed by the quasiparticle-
quasihole (qp-qh) symmetry of the completely filled ef-
fective lowest Landau level of the qps (i.e., the ground
state of the Hall fluid) in the bulk which is protected by
a gap larger than all other energy scales in the problem
[14]. A similar argument for the electron-hole symmetry
of the (ν1 = 1, ν2) constriction geometry was presented
in Ref.([5]); in Fig.(3), we extend it to a general (ν1, ν2)
system by employing the notion of a relative filling factor
(obtained by dividing throughout by the bulk ν1).
A visual representation of the steps in the argument is
presented in Fig.(3). For the system as shown in Fig.(2),
we have a relative filling factor of unity in the bulk and
that of ν2/ν1 of the Hall fluid inside the constriction
+VIN
−VIN
+VOUT
−VOUT
qp +VIN
−VIN
+VOUT
−VOUT
qh
+VIN
−VIN+VOUT
−VOUTqp +VIN
−VIN
+VOUT
−VOUT
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FIG. 3: The quasiparticle-quasihole (qp-qh) symmetry of the
(ν1, ν2) constriction geometry in terms of the relative filling
factor. A similar diagram for the ν1 = 1 system was presented
in Ref.([5]). The source-drain bias 2Vin is applied to the two
incoming arms while ±Vout are the equilibration potentials of
the two outgoing arms. We first map the original circuit (a)
of qps onto that of qhs (b) via a qp-qh conjugation, followed
by mapping onto a circuit of qps with the external magnetic
field reversed (c) and finally a mapping onto a circuit of qps
with the original geometry (d) by rotating around the axis of
the two outgoing arms by 180◦. In this way, an equivalence
is established between the circuits in (a) and (d).
(Fig.(3a)). Now, a partially filled effective lowest Landau
level of qps with relative filling ν2/ν1 can equivalently be
studied in terms of a partially filled effective Landau level
of qhs with relative filling 1 − ν2/ν1 over a completely
filled effective Landau level of qps. Thus, we can carry
out a qp-qh conjugation transformation (Fig.(3b)) to go
to a description in terms of qhs. Noting that qhs are time-
reversed qps, we can map the qh system onto that of a qp
system with the direction of the external magnetic field
reversed (Fig.(3c)). A final rotation of 180◦ about the
axis of the two outgoing arms (Fig.(3d)) leaves us with a
circuit of qps with the same geometry. Two things, how-
ever, have changed in undertaking this series of transfor-
mations. First, the relative filling of the constriction has
changed from ν2/ν1 to 1− ν2/ν1. Second, the transmit-
ted and reflected outgoing arms (defined with respect to
the source-drain bias) of the original circuit have been in-
terchanged in reaching the final one; the transmitted and
reflected conductances of the two circuits are now, in fact,
linked by duality relations [5, 12]. Equally importantly,
in analogy with the qp tunneling process between the
two transmitted current arms (φu, φd), this qp-qh trans-
formation reveals the existence of a qh-tunneling process
between the two reflected current arms (φl, φr) of the
constriction: λ2 cos(φ
l(y = 0)− φr(y = 0)), with the RG
4equation for the qh-tunnel coupling λ2 governed by the
relative filling 1− ν2/ν1
dλ2
dl
= (1− (1−
ν2
ν1
))λ2 =
ν2
ν1
λ2 . (8)
Again, with ν2 < ν1 and (ν1, ν2) > 0, λ2 will also grow
under the RG flow to strong coupling.
However, the couplings λ1 and λ2 affect the transmis-
sion through the constriction in opposite ways: while
λ1 reduces the constriction transmission, λ2 increases
it. A comparison of the two RG equations reveals that
for a critical value of ν∗
2
= ν1/(1 + ν1), both couplings
grow equally quickly and the qp-qh symmetry of the
system fixes the constriction transmission t (and hence
also the reflection) at its weak-coupling value of t(ν∗
2
) =
g1in,1out/ν1 = 1/(1 + ν1). The critical (ν
∗
2 , t(ν
∗
2 )) val-
ues obtained for ν1 = 1, 1/3 are (1/2, 1/2) and (1/4, 3/4)
respectively; these match exactly the critical filling fac-
tor and associated bias-independent transmission values
obtained in Ref.([5]). Further, we see that for ν2 < ν
∗
2
(ν2 > ν
∗
2 ), the coupling λ1 (λ2) will grow to strong cou-
pling faster than the coupling λ2 (λ1), thereby causing a
dip (peak) in the constriction transmission at low ener-
gies (bias/temperature). This is in conformity with the
puzzling zero-bias evolution of the constriction transmis-
sion with the gate voltage. This is also reflected in the
chiral conductances g1in,1out → 0 (ν1) and g1in,2out → ν1
(0) in the strong coupling limit of ν2 < ν
∗
2
(ν2 > ν
∗
2
).
These results are summarised in the RG phase dia-
gram for our model (Fig.(4)), as a plot of the function
lnλ1/ lnλ2 = ν1(1/ν2 − 1).
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FIG. 4: The RG phase diagram for the model as a plot of the
function lnλ1/ lnλ2 = ν1(1/ν2 − 1). All RG flows lead away
from the weak-coupling unstable fixed point at the origin. The
dashed line with unit slope represents the critical case of ν2 =
ν∗2 , where qp-qh symmetry fixes the constriction transmission
at its weak coupling value. The region above (below) the
critical line contains all RG flows with slopes greater (lesser)
than unity and ν2 < ν
∗
2 (ν2 > ν
∗
2 ), for which λ1 (λ2) grows to
strong coupling faster than λ2 (λ1), causing a dip (peak) in
the transmission.
In conclusion, we have demonstrated that the puzzling
results obtained in the experiments [5, 6] can be under-
stood from a simple model for the constriction with a fill-
ing factor lower than that of the bulk. Ballistic transport
in the presence of a finite backscattered current (and as-
sociated longitudinal resistance) is understood as a con-
sequence of current conservation and matching of the
properties of the edge excitations in the bulk and con-
striction regions. By invoking a qp-qh symmetry of the
system, we explain the observed evolution of the low-bias
constriction transmission as arising from the competition
between a qp and a qh tunneling process in determining
the conductances at strong coupling, as well as make pre-
dictions for the critical constriction filling factor ν∗
2
and
associated constriction transmission t(ν∗
2
) for any quan-
tum Hall system with such a constriction.
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